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Abstract

In this paper, we propose a high order residual distribution conservative finite difference scheme for solving convection—
diffusion equations on non-smooth Cartesian meshes. WENO (weighted essentially non-oscillatory) integration and linear
interpolation for the derivatives are used to compute the numerical fluxes based on the point values of the solution. The
objective is to obtain a high order scheme which, for two space dimension, has a computational cost comparable to that of
a high order WENO finite difference scheme and is therefore much lower than that of a high order WENO finite volume
scheme, yet it does not have the restriction on mesh smoothness of the traditional high order conservative finite difference
schemes, hence it would be more flexible for the resolution of sharp layers. The principles of residual distribution schemes
are adopted to obtain steady state solutions. The distribution of residuals resulted from the convective and diffusive parts
of the PDE is carefully designed to maintain the high order accuracy. The proof of a Lax-Wendroff type theorem is pro-
vided for convergence towards weak solutions in one and two dimensions under additional assumptions. Extensive numer-
ical experiments for one and two-dimensional scalar problems and systems confirm the high order accuracy and good
quality of our scheme to resolve the inner or boundary layers.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we are interested in designing high order conservative finite difference schemes for steady state
convection—diffusion equations

u+V-Fu)=V-(a(u,x)Vu), (1.1)
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aFai“) - £ is diagonalizable with real eigenvalues for any real vector &, and the matrix a(u, x) is semi-po-
sitive definite. This type of problems is found in a wide range of applications such as the Navier—Stokes equa-
tions in gas dynamics and the hydrodynamic and energy transport models in semiconductor device
simulations. The first derivatives in Eq. (1.1) are associated with convection while the second derivatives
are responsible for diffusion. The solution of Eq. (1.1) is smooth where the diffusion does not vanish. It is
also well known that the diffusion terms give rise to inner or boundary layers. In order to resolve the layers,
local grid refinement is advantageous, and we could have abrupt changes in mesh sizes. In practice, high order
conservative finite difference schemes (e.g. the WENO scheme in [12]) are favorable for multi-dimensional
problems due to their lower computational cost comparing with finite volume schemes. However, they have
problems handling abrupt changes in mesh sizes, and the accuracy might be lost due to the non-uniform
mesh.

To overcome the aforementioned difficulties, it is desirable to develop high order conservative schemes
which are of the finite difference type (the numerical approximations are the point values of the solution
and on structured meshes approximations to derivatives or integrals can be performed dimension by dimen-
sion) and have a computational cost comparable to that of regular finite difference schemes, yet the meshes are
allowed to be arbitrary Cartesian or curvilinear without any smoothness assumption. In this paper, our effort
is restricted to steady state problems (solutions to (1.1) which are time independent). Time dependent prob-
lems are significantly more difficult and will be left for future work. The work in this paper is an extension
of our previous work [8], in which we adopted the idea of ‘“Residual Distribution” and developed schemes
with the above properties for steady state hyperbolic conservation laws.

The class of residual distribution (RD) schemes, or fluctuation splitting schemes for solving steady state
hyperbolic conservation laws

V-F(u)=0 (1.2)

was first introduced by Roe, Sidilkover, Deconinck, Struijs, Bourgeois et al. [20,9,22] and followed by later
works in, e.g. [23,24,1,3,4,6,5,14]. The RD schemes use a pointwise representation of the solution, same as
in finite difference schemes, and it allows conservative approximations with high order accuracy on very
general meshes. The RD schemes are composed of two parts: residual evaluation and residual distribution.
The framework of a residual distribution scheme for a two-dimensional conservation law (1.2) is given as
follows. We are given a general triangular or quadrilateral mesh, with », elements {7}, and n, nodes

,,,,, n

{M;},_, ., which are the vertices of these elements. The residual " over the element T is defined and
decomposed as
:/dith(uh)dx, S ol = o, (1.3)
T iM;€T

where F" is an approximation of the flux function F in (1.2), and the total residual 7 over the element 7 is
decomposed to a sum of residuals @] to be distributed to each node M; of T. The design principles for the
distribution of the residual are described in [1]. In particular, the so-called residual property should hold, which
states that |®!|/|®"| should be uniformly bounded. This would imply that when the zero cell residual limit

T=0 is reached, the distributed residuals <PiT are also zeros. The dual cells, C;, i=1, ... ,n, are obtained
by joining the centroids of the elements T; having M; as one of the nodes, to the mid-points of the edges of
T;. If we denote the collection of elements T having M, as one of the nodes as S;, then the residual distribution
scherne is given as

A,

TesS;

At steady state, with vanishing cell residuals, the accuracy can be obtained.

To extend RD scheme to convection—diffusion equations, efforts were made to properly discretize and dis-
tribute the diffusion terms in Eq. (1.1). In [17], Paillére et al. propose two discretizations: one is to use a RD
scheme for the convection terms while adding a Galerkin discretization of the diffusion terms; the other is a
residual based scheme in which one has to compute the residual from the diffusion terms and distribute the
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residuals from convective and diffusive parts together with the upwind coefficients. The former discretization is
physically reasonable since the diffusion does not have a preferred spatial direction, and it has been applied to
Navier—Stokes equations [25]. There are also works devoted to high order discretizations for the diffusion
terms, e.g. [13,7,15]. In [16], Nishikawa and Roe point out that the Galerkin discretization for the diffusion
terms would lead to a loss of order of accuracy, according to truncation error analysis. They propose to write
the governing equations as a first order system to get high order accuracy. Using a different technique, Ric-
chiuto et al. [18] rewrite the RD scheme as a perturbation of the Galerkin scheme weighted by a properly
scaled function, so that the scheme gives a correct behavior for the convection or diffusion dominated regimes.
The scaling depends on a cell Peclet number, which in scalar linear advection—diffusion equations is defined as
" \v/’;, where A7 is the reference length scale for cell 7, K is the speed associated with the convection terms and v
is the viscosity coefficient of the diffusion terms.

In the present paper, we propose high order finite difference schemes on rectangular meshes which are not
necessarily smooth. The cell residuals in Eq. (1.3) are modified to be

<DT:/TdiVFh(uh)dx—/TV-(a(u,x)Vu)dx. (1.5)

We evaluate the cell residuals through WENO integration with the first derivatives interpolated by central dif-
ference. The main purpose of this restriction on the meshes is the observation that the evaluation of the resid-
uals in Eq. (1.5) in 2D, which is in general two-dimensional integrals, can be decomposed to a dimension by
dimension one-dimensional computation. This is the key to save the computational costs. As for residual dis-
tribution, the distribution coefficients are no long purely upwind, but weighted by a cell Peclet number defined
above, which measures the relative importance of the convection terms with respect to the diffusion terms.

This paper is organized as follows. In Sections 2 and 3, we describe the residual evaluation and the residual
distribution procedures for one and two-dimensional problems respectively. Section 4 contains extensive
numerical simulation results for one and two-dimensional scalar and system steady state problems to demon-
strate the good behavior of our scheme. Concluding remarks are given in Section 5. The Lax-Wendroff type
theorem for convergence towards weak solutions is proven for the one-dimensional case in Section 2 and for
the two-dimensional case in Appendix.

2. High order RD finite difference WENO schemes in one dimension

In this section, we design a residual distribution finite difference WENO scheme for one-dimensional steady
state convection—diffusion equations. In the first subsection, we define the residual through integral form, and
then describe the distribution of residuals. The distribution is designed through a cell Peclet number and fol-
lows the principles of the residual property. In the second subsection, we generalize the scheme to one-dimen-
sional systems, based on a local characteristic field decomposition, and distribute the residuals as in the scalar
case in the characteristic fields.

2.1. One-dimensional scalar problems

We have the one-dimensional scalar steady state problem
S), =g(u,x) +vue, v=0. (2.1)

We define the grid to be {x;},=,....n, grid function {u;},—0, ... n, the interval /.,y = [x;,x;;1] with length Ax,, .,
the control volume centered at x; to be C; (from the mid-point of the interval / ,.7%_ to the mid-point of the inter-
val 1;,1), and the length of C; is denoted by |Cj|.

The residual in the interval 7,,; is define by

.....

Xit1 Xit1

<I>l-+% = (f (), — g(u,x) — vuy)dx = (1) — f (u;) — / glu,x) dx — vuy (x; 1) + va (x;). (2.2)

Xi Xi
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If we can reach the zero cell residual limit, i.e. if @, = 0 for all 7, then the accuracy of the scheme is deter-

mined by the accuracy of the approximation to f; ' g(u,x)dx, u(x;) and u(x;+1). In our scheme, we use a
fourth order central WENO integration, which is described in [8], to approximate the integral
f; *! g(u,x)dx. To approximate the derivatives associated with the diffusion term, for example u,(x;), we use
the central stencil {Xxi_5, Xi_1,X:, Xi+1, Xi+2}, and express the approximation as a linear combination of the point
values in the stencil, namely,

2
)= 3 i+ O(AY), (23)
m=-2

where ¢ depends on the mesh sizes in the stencil and can be pre-computed once given the grid. Fourth order
accuracy is therefore guaranteed at the zero cell residual limit. We remark that the first derivatives are evaluated
to form the residual of the diffusion terms u,. in Eq. (2.1), which is dissipative in nature, and hence it is reasonable
to use linear weights in Eq. (2.3). Our numerical experience reveals that using linear weights rather than WENO
weights in (2.3) is crucial in getting correct solutions. As an extreme example, if the initial condition is a discon-
tinuous step function, then a WENO approximation of the derivative u, is almost zero everywhere, since the
stencil which crosses the discontinuity has a very small weight. This would imply that the viscous terms in the
residual (2.2) give almost zero contribution even for the cell crossing the discontinuity, which is clearly incorrect.
Next, we start to distribute the residuals. We note that the residual is composed of two parts. One is from

the convection term, which we denote by <1>f+%

Xitl
05 = f ) S )~ [ glu)d (24)
and the other part is from the diffusion term, denoted by dif%
<Dl+1 = —vu (1) + v (x;). (2.5)

By the nature of convection, upwinding is needed to distribute ¢ 1188 described in [1]. As for the residual (Dd

associated with diffusion, isotropic distribution is more approprlate since there is no preferred spatial dlrectlon
for the diffusive part. In [16], the authors pointed out that if we distribute &7, : and <Dd ! separately, the order of
accuracy would be compromised and this can be expected through truncatlon error analys1s Numerical exper-
iments also reveal the degrading to first order accuracy due to the incompatible distribution. Therefore, to
maintain high order accuracy, we should distribute <I>f+% and <I>?+l altogether, namely, distribute @, e and

meanwhile recognize the dominating effect in the cell. In this paper,2 we follow a type of distribution proposed

n [16]. The details are explained as follows.

In the interval [x;, x;41], the residual is @, il and it is to be distributed to the nodes x; and x;;. For simplicity
and with no ambiguity, we drop the subscrlpt i + 1 for the residuals. Here we denote the residual distributed to
the point x;., and x; as " and @~ respectively. We require ® = & + &~ for the conservation and require
|®*|/|®| to be uniformly bounded by the residual property [1], which implies that when the zero cell residual
limit @, = 0 is reached, the distributed residuals & are also zeros. Inspired by [16], one way to distribute the
residual is the following:

Pt =ad, & =(1—a)d, acl0,1] (2.6)

with the distribution coefficient & defined by

|/|+f) 1

o+3

. 2.7)
U+ o "

In Eq. (2.7), A = (f'(u), u) is the average state in the cell taken to be } (u; + u;11), k is chosen accordingly in the
problem, € is a small number which avoids the denominator to be zero and is taken as 107 in our tests. The
number « is the distribution coefficient associated with the convection and is determined by
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if A>¢

x=1{0, if 1< —

r(4,¢), otherw1se,

3

where / is defined as above. The function r(-,") is the entropy correction function for the Roe scheme [10] de-
fined by

r(h,e) = 4%3 (A+€)*(2e — 2) (2.8)

and ¢ is chosen accordingly in the problem.

From Eq. (2.7), we note that if the diffusion is very small relatively in a cell, the distribution coefficient & is
close to «, so upwinding plays the role in the distribution. Conversely, if the diffusion dominates, 4 is close to 1,
and isotropic distribution takes place in the cell.

Finally, the point value u; is updated through sending the distributed residuals to the point x;, as in a pseudo
time-marching scheme, which can be written as a semi-discrete system

Qi 4 L (@7, + @) =0. (2.9)
|Ci| e
In our numerical experiments, we use a third order TVD Runge-Kutta scheme [21] for the (pseudo) time dis-
cretization. Since the accuracy in time is irrelevant here, any stable time marching can be used, and strategies
such as preconditioning and multigrid can be used to accelerate convergence towards steady state, but we do
not pursue these approaches in this paper. Because of the residual property, namely the uniform boundedness
of |®*|/|®|, a zero cell residual limit @, 11 = Ois clearly also a steady state solution of (2.9). Conversely, a stea-
dy state solution of (2.9) may not imply a zero cell residual limit &, i = 0 for all i. In fact, a simple counting of
the number of unknowns and the number of cell-residuals would show an over-determined system if the solu-
tion at both boundaries are prescribed, hence it may not be realistic to always require a zero cell residual. Our
numerical experiments indicate that, near shocks or sharp gradients, @, 4} may not be small even if the steady
state solution of (2.9) is reached. Convergence towards weak solutions in this case would thus need to rely on
a Lax-Wendroff type theorem stated and proved in the following. We remark here that in the proof, due to
some technical difficulties, we additionally assume that the mesh is uniform or smoothly varying. This
assumption does not seem necessary according to our numerical experiments, and we are still exploring a
proof for non-smooth meshes. Most of the numerical results presented in this paper are performed on
non-smooth meshes.
As defined in Eq. (2.2), (2.4) and (2.5), the residual is defined by

Dy = B, + D

t+l ’

where the convective and diffusive residuals are given by
(Dir% = f‘(uH*]) - f(l/l,) - %(g(qu x)? 1i+%)
(pd = _Vg(u&mxl#l) + V@(umﬁxi)a

1+2

(2.10)

where #(g(uax,x),1;,1) is an approximation of fz . (u, x) dx, which can be written as a linear combination of

the point values of g. The quantity & (ua,, x;) appr0x1mates u,(x;) and can be written as a linear combination of
the point values of u,

D(upe,x;) = Z cqu (2.11)
k=—r+1

which is of (2r — 2)th order accuracy. Since we use symmetric linear weights to approximate the derivatives,
and furthermore (for the proof of the Lax-Wendroff type theorem) assume the mesh is uniform, we have

d=c =t (2.12)
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The distributed residuals, as defined in Eq. (2.6), are &7 e with the conservation property,

@i+%—‘1)+1+¢1+1 (2.13)
and the residual property

Lzt |

|€D[+1|

(2.14)

where here and below C with or without subscriptions denotes constants independent of the mesh sizes.
Equipped with the above properties, we have the following Lax-Wendroff type theorem.

Theorem 2.1. Assume that the flux function fin Eq. (2.1) is Lipschitz continuous, and the source term g(u, x) is
continuous in both arguments. Suppose that the mesh is uniform: Ax; 1 = Ax. If ua is a steady state solution of Eq.
(2.9) satisfying Egs. (2.10), (2.13) and (2.14), and if there is a function u with bounded total variation such that

upy — u in L'(R), as Ax — 0
and

sup sup |ua(x)| < Cy
Ax x
then u is a weak solution to Eq. (2.1).

Proof. At steady state of the scheme, @*1 + @, 0= =0 for all i. Let ¢ € C;°(R) be a test function, and denote
@; = ¢(x;). We have,

0= Z‘W”L‘D Z@,J o, — Z@lﬂ ) =1+1L

We look at the first summation term

I= Z‘I’F% ®; = Z(f(uz) _f(ui—l) - @(g(u&, ) 17_ - VZ quxz - (quaxi—l))(p[
=— Zf (/)1+1 Ax ZJ g(upe,x),1 - VZ (ta, X)) — D(upe, xi21)) ;-

Note that

—Zf (’”“_ D Av - — /f Wo,dx, as Ax — 0

and

Z%(g(uh,x),li_%)qoi — /g(u,x)q)dx, as Ax — 0.

Moreover, equipped with Egs. (2.11) and (2.12), we have

r—1
Z(@(uMaxi) gj(uAmxl 1 ZJ qu7xl (Pz+1 Z Z Ckui+k((/)i - (pH—l)
7 i k=—rtl
r—1 r—1
= Z U; Z Ck((pi—k = Pig1) = Z Ui Z _C_k((pifk — Pigs1)
i k=—r+1 i k=—r+1

r—1

_ k - D(o(x),xi11) — Z(@(x),x;)
= Zui Z NP1k — Pii) = Z”i Ax Ax.

i k=—r+1 i
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Therefore,

S (D (utaer ) — Dt xi 1)) s — / upudr, as Ax— 0

i

and
- —/f(u) g.dx— /g<u,x> odr—v [ updr.

Next, we estimate the second term II
|II| - ’Z¢ (pl ?i1 Z|¢1—l||(pl P l| CZ|@17—||¢1 (pi71|

SO ITENUBILERENS JEETNR 1_-)|WM+VZ|9MM@)

= D(upe, xi1)||@; — @51

€23 o~ i A + CoAr S (g x). 1, | O Ot
The second term above without the Ax factor converges to C [ |g(u,x)¢,|dx and hence the second term itself
is O(Ax). As for the first term,

Z\u, u;|Ax < Z|u, u(x; |Ax+2\ u(x;) — u(x |Ax+Z\ u(x;_1) — ui |Ax.

By the L' convergence of the scheme and the fact that u(x) has bounded total variation, [II] — 0 as Ax — 0,
and we can conclude that

- [ 1w outx [ e odx—v [up.dr=0

namely, u is a weak solution to Eq. (2.1). O

We now summarize the procedure of the high order RD finite difference WENO scheme for one-dimen-
sional scalar problems:

1. Compute the residuals defined in Eq. (2.2) using WENO integration and linear interpolation for the deriv-
atives with a proper accuracy.

2. Distribute the residuals according to Eq. (2.6).

3. Update the point values through sending the residuals and forward in pseudo time (2.9) by a TVD Runge—
Kutta time discretization until the steady state is reached.

2.2. One-dimensional systems

Consider a one-dimensional steady state system (2.1) where u, f{u) and g(u) are vector-valued functions in

and v is a semi-positive definite matrix. For convection—diffusion systems, we assume that the Jacobian
f'(u) can be written as LAR, where A is a diagonal matrix with real eigenvalues on the diagonal, and L and
R are matrices of left and right eigenvectors of f'(u) respectively.

The grid, the grid function and the control volumes are denoted as in Section 2.1. The residual in the inter-
val [x;, x;+1]1s again defined by Eq. (2.2). As before, the accuracy of the scheme is determined by the accuracy
of the approximation to f " g(u,x)dx, ux;) and u(x;+). The approximated integral is obtained by a fourth
order central WENO 1ntegrat10n and the approximated derivatives are obtained by fourth order central linear
interpolation given in Eq. (2.3).

In order to distribute the residual @, 1, We use a local characteristic decomposition in the interval [x;, x;41].
First, we compute an average state # between u; and u;11, using either the simple arithmetic mean or a Roe’s
average [19], and denote L and R to be the matrices with left and right eigenvectors L and R evaluated at the

m
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average state, and /; the corresponding kth eigenvalue. In the following, for simplicity of the notation and
with no ambiguity, we drop the subscript i + % in the residuals. We project the residual @ to the characteristic
fields, namely, ¥ = R®. The residual ¥ is to be distributed to the two endpoints x; and x4, and we denote the
residual sent to x;1 and x; by ¥ and ¥, respectively, with ¥ = ¥ + ¥~ Those residuals are defined by

pr=3xv, ¥ =(1-3"7, (2.15)

where [ is the identity matrix and 2 is a diagonal matrix with the mth diagonal component

k]v|
a _
m T 2(‘},”1‘+€)AXI.+%

S = (2.16)

kvl
I+ (|/:m\+f)AxH%

with e taken as 107° to avoid the denominator to be zero, and |v| the spectral radius of the matrix v. The num-
ber «,, is the distribution coefficient associated with convection in mth characteristic field

) if im = &,
Ol = 07 if Zm < —é&

#(Am,€), otherwise,

with the function r(-,") defined in Eq. (2.8) and ¢ chosen accordingly in the problem.
Next, we project the distributed residuals back to the physical space, and denote @ and @~ to be the resid-
uals in the physical space which are sent to the points x;+; and x;, respectively

ot =LY, & =LV (2.17)

Finally, as in the scalar case, the point value #; can be updated in the pseudo time-marching semi-discrete
scheme (2.9), which is again discretized by a third order TVD Runge-Kutta scheme in our numerical exper-
iments until the steady state is reached.

We now summarize the procedure of the high order RD finite difference WENO scheme for one-dimen-
sional steady state systems:

1. Compute the residuals defined in Eq. (2.2) using WENO integration and linear interpolation for the deriv-
atives with a proper accuracy.

. Project the residuals to local characteristic fields.

. Distribute the residuals with coefficients defined in Eq. (2.15) in the characteristic fields.

. Project the distributed residuals in characteristic fields back to the physical space as in (2.17).

. Update the point values through sending the residuals in the physical space and forward in pseudo time
(2.9) by a TVD Runge—Kutta time discretization until the steady state is reached.

W W N

3. High order RD finite difference WENO schemes in two dimension

In this section, we design a high order RD finite difference WENO scheme for two-dimensional steady state
convection—diffusion problems on non-smooth curvilinear meshes. To be precise, we restrict our attention to
such curvilinear meshes which can be smoothly mapped to non-smooth Cartesian meshes. We would then solve
amodified PDE on a (non-smooth) Cartesian mesh. We therefore only need to describe our algorithm for Carte-
sian meshes. In Section 3.1, we define the residuals from the integral form, as in Eq. (1.5), and then describe the
distribution mechanism. In Section 3.2, we extend the scheme to two-dimensional systems, based on a local char-
acteristic field decomposition, and distribute the residuals in characteristic fields dimension by dimension.

3.1. Two-dimensional scalar problems

We have the two-dimensional scalar steady state problem

fu), + g(u)y =h(u,x,y) + v(ue +u,) v =0. (3.1)
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We define the grid to be {(x;,y;)}, grid function {u}, the cells 7;,1 ;1 = [x;,xi11] X [y, ;,,], the control volume
centered at (x; ;) to be Cj; (formed by connecting the centers of the four cells sharing (x;y;) as a common
node), and the area of Cj; is denoted by |Cj|. We also denote Ax;, ) = xi.1 —x; and Ay, =y, — ;.

The residual in the cell 7,5, is defined by

Vi+1 Xit1
Py = / (f (), + g(w), — h(u,x,y) = V(e + ) dxdy
Vi i

Vi+1

= [ Gt ~ sl dr+ [ (et 0) - glute) dr
[ [ b masdy = [ ) ) d
[ ) — ) (3.2)

i

If we reach the zero cell residual limit, i.e. if @, = 0 for all i and j, the accuracy of the scheme is determined by
the accuracy of the approximations to the derivatives and the integrations. The approximations of the derivatives
uy(-,’) and u,(-,) are obtained from one-dimensional fourth order central linear interpolation given in Eq. (2.3).

To approximate the integration of the fluxes and the derivatives, which are one-dimensional integrals, we
use a fourth order central WENO integration. As for the source term f} Vil fxx ' h(u,x,y)dxdy, we can approx-

imate it in a dimension by dimension fashion, which is explained as follows. First, we define

HjJr%(x) = /V h(u(xay)7x7y)dy

i

and hence
Vit1 X,+1 P Xit1
/ / (u,x,y)dxdy = Hj,i(x)dx.

The integral f i H;, il (x)dx can be approximated by a fourth order WENO integration in the x-direction,
using {H f +_()c,+k)} k=1, »- By the definition of /., (x), H ;1 (xi1) can again be approximated by a fourth order
WENO 1ntegrat10n in the y-direction, using {h(u,+k b ,+k, Vi+1)}i=—1, ... 2. Therefore, the integration of the
source term can be approximated dimension by dimension, and the fourth order accuracy is obtained at
the zero cell residual limit.

Next, we start to distribute the residuals. In the cell 7,y ;.1 = [x;,xi1] X [y;,;,,], the residual is @, .1, and
it is to be distributed to the vertices of the cell, which are defined to be M; = (xi1,¥1+1), M2 = (X;+1,))),
M5 =(x;,y;+1) and My = (x;y;). Here we define the residuals sent to the vertices M, as ¢; Lt for
I=1, ... .4 For simplicity and without ambiguity, we drop the subscript (i +1,,/+1) in the notations. For
conservation and the residual property, we require @ = Z?:1¢l and |@'|/|®| to be uniformly bounded.

Following the one-dimensional case, one way to distribute the residual is defined by

o' =apd, P =a(l-po, & =(1-a)pd, ¢ =(1-a)(1-pHo &fecl01l] (3.3)
The distribution coefficient & in x-direction is given by
%t SR
i)

G (3.4)
1+ (| Hfo L

In Eq. (3.4), 4. = f'(u), i is the average state in the cell taken to be L (u;; + uir1; + 141 + uij41), k is chosen
accordingly in the problem, € is a small number which avoids the denomlnator to be zero and is taken as 10~°
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in our tests. The number « is the distribution coefficient associated with the convection in the x-direction and is
determined by

1, if 4, = ¢,
o=« 0, if 4, <—
r(Jy,€), otherwise,

Dol

where J, is defined as above and ¢ is chosen accordingly in the problem. The function r(-,") is given in Eq. (2.8).
Similarly, the distribution coefficient f in the y-direction is given by

ﬂ+ H.|+6A_} 1

b=17 (3:3)

(Mny)Ay

with 2, = ¢’(#). The number f is the distribution coefficient associated with the convection in the y-direction
and is determined by

1, fl}e,

p=4¢0, if 4, <—
(2, 8), otherw1se.

Our numerical experience indicates that when the initial condition has shocks or sharp gradients present in
the converging process, or the physical viscosity is very small, extra dissipation might be needed near those
regions for the pseudo time marching towards steady state to proceed in a stable fashion. We therefore
add an additional dissipation residual ¢, to each of @, only around regions with sharp gradients. The add-
ing of dissipation residual is acceptable only if it is much smaller than the residual of physical viscosity. Hence,
we concentrate on the cases where dissipation residuals are negligible comparing with the residuals of physical
viscosity.

The dissipation residuals are defined as the following:

o Uitljrl — Uijrl | Uipljp1 — Uil
_ 74‘3 i+1,/+ i,j+ i+1,j+ i+1,j
dlss 2 ( + ijJr% )
_ éA3 uH—l/ Ui j Mi+1,j T Uit 141
dlss 2 l+_ ij+% ’
. (3.6)
0 Wije1 — Wit1jp1  Uijp1 — Ui
— —A3 ij+ i+1,j+ ij+ ij
dlSS 2 ( + Ayﬁ_% )
0 Ui j — Uiy Uij — Ujjy
@i 7 A3 ij i+1,7 + ij+ ,
v2 Axi+% Ay j+
where 4 = max(Ax,_ ! 1, Ay ! 1) and the dissipation coefficient ¢ is chosen accordingly in the problem.
Finally, we define ‘the distributed residuals by o =P + 0(15(115;, [=1,...,4, where 0 is a discontinuity indi-

cator defined by 6 = max(6,, 0},) with the one-dimensional discontinuity indicators 0, and 0, for the x and y
directions given as in [26]; 0, is defined by 0, = ﬁ W1th

2 2

oo — Ui

o = ‘ui—l,j - ui,j‘z + :, ﬁ _ ( i + 1+1) 7 y = |umax Mm1n| ’ (37)
i1 Oig2 o

where .y and U, are the maximum and minimum values of u; for all grid points, and 0, is defined similarly,
but in the y-direction. A similar indicator with a wider stencil

| 2

2
ﬁ _ <O(1 2 o Oit1 it2 O‘i+3) _ |umax — Umin
= —, =

—|— O AR AR
o3 Oi—2 i1 2 Oip3 Oy 01+ 0 + Oy + %o
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with the same o, as that defined in (3.7), is used for two-dimensional systems. Here ¢ is a small positive number
taken as 107° in our numerical experiments. Clearly, 0 < @ < 1. Near a strong discontinuity, y < f8, 0 is close
to 1. However, in smooth regions, § = O(4?), hence fourth order accuracy is maintained in smooth regions.
This dissipation mechanism works well for our numerical experiments, but it may not be the optimal approach
as it has an adjustable coefficient 6, whose choice for optimal performance seems to be problem dependent.
Other dissipation mechanisms, such as the one adopted by Abgrall in [2], will be explored in the future.

The point value u;; is then updated through sending the distributed residuals to the point (x;)y;), as in a
pseudo time-marching scheme, which can be written as a semi-discrete system

du,,+i(~

2 _
o B+ <15,__/_7) ~0. (3.8)

it} 2/ts
We again use a third order TVD Runge-Kutta scheme for the pseudo time discretization. As in the one-
dimensional case, a steady state of Eq. (3.8) may not imply a zero cell residual &, A= 0 for all i,j, and
®,,1 ;1 may not be small around sharp gradients even if the steady state solution of Eq. (3 8) is reached. More-
over, we may lose the strict residual property after addmg dissipation residuals, but note that conservation is
still preserved after adding the dissipation since Zk | dm = 0. In addition, the residual property is maintained
in smooth regions. It might be possible to improve upon the design of these dissipation residuals to remove
their negative effect on local residual property, along the lines of [1] and [6]. This will be investigated in the
future. Convergence towards weak solutions in this case relies on a Lax-Wendroff type theorem, and the proof
is provided in Appendix. We remark here that in the proof, due to some technical difficulties, we additionally
assume uniform or smoothly varying meshes and linear integration in residual evaluation of the diffusion
terms. Those assumptions do not seem necessary according to our numerical experiments, and we are still
exploring a proof for a more general setting. The numerical results presented in this paper are mostly per-
formed on non-smooth meshes, all with WENO weights in the integration associated with the diffusion terms.

We now summarize the procedure of the high order RD finite difference WENO scheme for two-dimen-
sional scalar steady state problems:

1. Compute the residuals (3.2) using WENO integration and linear interpolation for the derivatives with a
proper accuracy.

2. Distribute the residuals according to Eq. (3.3).

. Revise the residuals by adding a dissipation residual (3.6).

4. Update the point values through sending the residuals and forward in pseudo time (3.8) by a TVD Runge-
Kutta time discretization until the steady state is reached.

98]

3.2. Two-dimensional systems

Consider a two-dimensional steady state system (3.1) where u, flu), g(u) and h(u, x,y) are vector-valued
functions in R™. The viscosity coefficient v is a semi-positive definite matrix. For convection—diffusion systems,
we assume that any real linear combination of the Jacobians &,/ (1) + £,g'(u) is diagonalizable with real eigen-
values. In particular, we assume f'(u) and g'(u) can be written as L,4.R, and L,/4,R,, respectively, where A,
and A, are diagonal matrices with real eigenvalues on the diagonal, and L., R, and L,, R, are matrices of left
and right eigenvectors for the corresponding Jacobians.

The grid, the grid function and the control volumes are denoted as in Section 3.1. The residual in the cell
Ly =[x, xin] X [y;,3,44] is still defined by (3.2). As before, if we reach the zero cell residual limit of the
scheme, the accuracy of the scheme is determined by the accuracy of the approximations to the integrations
and the derivatives. We again use a fourth order central WENO integration, and fourth order central linear
interpolation to approximate the derivatives. For simplicity and without ambiguity, we drop the subscript
(i+ % ,j+13) in the residuals in the following.

We would distribute the residual ¢ to the four vertices { M)}, . . 4, defined in Section 3.1, and the corre-
sponding residuals are still denoted by (@'} _1... 4, where &' € R". We also require @ = Z I 1@’ and the resid-
ual property that |@’|/|®| should stay uniformly bounded. Here we consider a dimension by dimension
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procedure, coupled with a local characteristic field decomposition. First, we compute an average state # in
L1t using either the simple arithmetic mean or a Roe’s average [19], and denote L, and R, as the matrices
with left and right eigenvectors L, and R, of f'(u) evaluated at the average state, and 2;” the corresponding
eigenvalues; L,, R, and Z?f are defined similarly but associated with L,, R, and A, of g'(u).

We first consider the x-direction and project the residual @ to the x-characteristic fields: ¥ = R,®. The
residual ¥ is to be split into two parts in the x-direction: one is ¥, which is sent to the side x;;; the other
is ¥, sent to the side x;, and ¥ = ¥ + ¥~. ¥* are defined by

pr=3xv, ¥ =(1-2Y, (3.9)

where [ is the identity matrix and 2 is a diagonal matrix with the mth diagonal component

A
% oAy
S = I (3.10)
1+ kM
R

with |v| the spectral radius of the matrix v, and e taken as 10~ to avoid the denominator to be zero. The num-
ber «,, is the distribution coefficient associated with convection in mth x-characteristic field

1, it A" > e,
if A <

r(A".¢), otherwise.

X ?

oy =14 0, —¢,

with the function r(-,) defined by Eq. (2.8) and ¢ chosen accordingly in the problem. Then we project P+ back
to the physical space to obtain &+

ot =LY", ¢ =LYV .
Next, we consider the y-direction, and we would distribute the two parts &= in the y-direction. We first project
@* to the y-characteristic fields to obtain IT*

" =R,&", II"=Rd.
Then we distribute IT* in the y-characteristic fields as follows:

Pl =rot, V=(I-nmno-, v=rm, ¥=1-rim, (3.11)

where [ is the identity matrix and I" is a diagonal matrix with the mth diagonal component

k||
B+ B8,y

Ty = (3.12)

k||
1+ i

|/1;’|+5)Ay/+%

with |v| and e defined as in Eq. (3.10). The number f3,, is the distribution coefficient associated with convection
in mth y-characteristic field

r(i;f’, ¢), otherwise.
Finally, we project the distributed residuals back to the physical space
o =LY, [=1,.. 4
As in the scalar case, we add a dissipation residual @/ to each of @' around the sharp gradients. The dissi-

pation residuals are defined in Eq. (3.6). We define the distributed residuals by &' = &' + 0@, , I=1,... 4,
where 0 is the discontinuity indicator given in Eq. (3.7).
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The point value u; is then updated through sending the distributed residuals to the point (x;y;), as in a
pseudo time-marching scheme, which can be written as the semi-discrete system (3.8). We again use a third
order TVD Runge-Kutta scheme for the pseudo time discretization.

We now summarize the procedure of the high order RD finite difference WENO scheme for two-dimen-
sional steady state systems:

1. Compute the residuals defined in Eq. (3.2) using WENO integration and linear interpolation for the deriv-
atives with a proper accuracy.

2. Project the residuals to the local x-characteristic fields.

3. Distribute the residuals in the x-direction according to Eq. (3.9), and transform the two parts of residuals
back to the physical space.

4. Project the residuals to the local y-characteristic fields.

5. Distribute the residuals in the y-direction, according to Eq. (3.11), and transform the four distributed resid-
uals back to the physical space.

6. Revise the residuals by adding a dissipation residual.

7. Update the point values through sending the residuals and forward in pseudo time (3.8) by a TVD Runge—
Kutta time discretization until the steady state is reached.

As before, conservation is still preserved after adding the dissipation since 377, @) = 0. In addition, the
residual property is maintained in smooth regions.

4. Numerical results

In this section we provide numerical experimental results to demonstrate the good behavior of our
schemes. Pseudo time discretization towards steady state is by the third order TVD Runge-Kutta method
in all numerical simulations. The time step At is defined by ijﬂf‘z, where 4 = min{Ax,Ay}, / is the maxi-
mum of the local speed, u is the maximum diffusion coefficient, and the CFL number is taken to be 0.2
in our test cases. In Sections 4.1 and 4.2, for one-dimensional problems, the parameter ¢ in Eq. (2.8) for
Roe’s entropy correction is taken as 0. In Sections 4.3 and 4.4, for two-dimensional problems, ¢ is taken
as 0.01 unless otherwise stated. The constants k in the distribution coefficients, Egs. (2.7), (2.16), (3.4),
(3.5), (3.10) and (3.12), are taken to be 0.5 for all cases. This choice is somewhat arbitrary, other choices
of k, such as k=1, also work well in our numerical test. We have not pursued the issue of an optimal
or universal k in this paper.

4.1. One-dimensional scalar problems

In this subsection, numerical steady state is obtained with L' nodal residue reduced to the round-off
level.

Example 4.1.1. We solve the steady state solution of the one-dimensional advection—diffusion equation
Up + Uy = Vlyy

with the initial condition
u(x,0) =5, xel0,1]

which is itself a steady state solution. The boundary conditions are u(0,z) =0 and u(1,) = 1. The viscosity
coefficient v is taken as 0.05. This problem has a boundary layer around x = 1. We test our scheme on both
uniform meshes and non-uniform meshes. The non-uniform mesh has two distinct mesh sizes, Ax; in the inter-
val [0.8,1], and Ax, =4Ax; in [0,0.8]. The numerical results are shown in Table 1. We can see clearly that
fourth order accuracy is achieved and the magnitudes of the errors on non-uniform meshes are significantly
smaller than those on uniform meshes. This demonstrates the capability of the scheme to resolve the boundary
layer by locally refining the mesh.
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Table 1
Errors and numerical orders of accuracy of the fourth order RD finite difference WENO scheme for Example 4.1.1 on non-uniform and
uniform meshes with N cells

N Non-uniform mesh Uniform mesh
L' error Order L error Order L' error Order L error Order
20 1.51E — 04 - 3.84E — 04 - 1.70E — 03 - 1.37E — 02 -
40 1.10E — 05 3.78 4.84E — 05 2.99 1.10E — 04 3.95 7.96E — 04 4.11
80 7.63E — 07 3.85 4.22E — 06 3.52 6.83E — 06 4.01 5.04E — 05 3.98
160 5.08E — 08 3.91 3.12E - 07 3.76 4.20E — 07 4.02 3.10E — 06 4.02
320 3.29E — 09 395 2.11E — 08 3.89 2.59E — 08 4.02 1.91E — 07 4.02

Example 4.1.2. We consider the steady state solution of the viscous Burgers equation with a source term
uZ
u, + <3> = Vi, — meos(mx)u, x € [0,1]

equipped with the boundary condition u(0,7) = 1 and u(1,£) = — 0.1. The viscosity coefficient v is taken as 0.01.
The initial condition is given by

1, if 0<x<0.3,

u(x,0) = { .
0.1, if03<x<1.

We test our scheme on a non-uniform mesh with two distinct mesh sizes, Ax; in the interval [0.1,0.3] and

Ax> = 4Ax; in the remaining part of the domain. The numerical result and the reference solution computed

from fifth order finite difference WENO scheme [12] with a fourth order central discretization for the viscous

term are displayed in Fig. 1. We can see the good resolution of the inner layer.

4.2. One-dimensional systems

In this subsection, the numerical steady state is obtained with L' nodal residue reduced to the round-off
level.

o RD-WENO
WENO

0.75

0.5

0.25

-0.25

-0.5

-0.75

o
LUNLINLIN L L L L L I L O LB I R

P 1 P 1
0.25 0.5 0.75 1

Fig. 1. Reference solution computed from finite difference WENO scheme with 500 points (solid line), and numerical solution computed
from RD finite difference (symbols) on non-uniform mesh with 80 cells for Example 4.1.2.
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Example 4.2.1. We solve the steady state solution of the one-dimensional Navier—Stokes equations with a
source term on [0, 2]

p pu 0 .
pu | + | pui>+p — ﬁ%um—i—(ﬂ/— 1) cosx(4 + 2sinx)
EJ, wE+p)/, 2300+ 5 oo (%)xx + i sinx

where p denotes the density, u is the velocity of the fluid, E is the total energy and p = (y — 1)(E —§ pu?) is the
pressure. The gas constant y is taken as 1.4, the Reynolds number Re is 200, and Pr is the Prandtl number
taken as 0.72.

Starting from a stationary initial condition (p, pu, E) = (2 + sin x, 0, (2 + sinx)(1 + 2 + sinx)) equipped with
a periodic boundary condition, we can check the order of accuracy.

We test our scheme on uniform meshes as well as on non-smooth meshes which are 20% randomly
perturbed form the uniform ones. The integration of the source term is evaluated exactly. The numerical
results are shown in Table 2. We can clearly see the fourth order accuracy, and the errors on these two types of
meshes are comparable.

Example 4.2.2. We test our scheme on the steady state solution of the one-dimensional nozzle flow problem
on [0,1]

P - a(x) P 1 4 ’
ou | +| pi2+p _ _$ pzuz/p +E 3 U
£), \uE+p)), u(E + p) 20+ (2)

where a(x) represents the area of the cross section of the nozzle and other variables are defined as in Example
4.2.1. The Reynolds number Re is 400, and Pr is Prandtl number taken as 0.72.

We start with an isentropic initial condition, with a shock at x = 0.5. The density p and pressure p at —oo
are 1, and the inlet Mach number at x =0 is 0.8. The outlet Mach number at x =1 is 1.8, with linear Mach
number distribution before and after the shock. The area of the cross section a(x) is then determined by the
relation

a(x)f(Mach number at x) = constant, Vx € [0, 1],

where

w 1 1 y+1

f(W):m7 525(7)—1)» P=5 T

We test our scheme on a non-uniform mesh with two distinct mesh sizes, Ax; in the interval [0.4,0.6], and
Ax> = 4Ax; in the remaining part of the domain.

Table 2
Errors and numerical orders of accuracy for the density p of the fourth order RD finite difference WENO scheme for Example 4.2.1 on
non-smooth and uniform meshes with N cells

N Non-smooth mesh Uniform mesh
L' error Order L™ error Order L' error Order L™ error Order
20 2.32E — 04 - 3.48E — 04 - 2.03E — 04 - 321E — 04 -
40 1.31E - 05 4.14 2.03E — 05 4.10 1.29E — 05 3.98 2.02E — 05 3.99
80 8.17E — 07 4.01 1.28E — 06 3.99 8.06E — 07 4.00 1.27E — 06 4.00
160 5.06E — 08 4.01 7.95E — 08 4.01 4.87E — 08 4.05 7.70E — 08 4.04

320 1.45E — 09 5.12 3.12E - 09 4.67 1.52E — 09 5.00 3.78E — 09 4.35
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Fig. 2. Nozzle flow problem. Solid lines: finite difference WENO scheme on a uniform mesh with 200 points; symbols: RD finite difference
scheme on a non-uniform mesh with 80 points. Top left: density; top right: velocity; bottom left: pressure; bottom right: total energy.

We compare our numerical solution with the reference solution computed from fifth order finite difference
WENO scheme with fourth order central discretization for the viscous terms using 200 points. From Fig. 2, we
can see that the inner layer is resolved well.

Example 4.2.3. We solve the steady state solution of the one-dimensional semiconductor hydrodynamic (HD)
model, see [11]

n nv 0 0
p | + pv+ knT = eng, — % + 0
w), v(W +knT) ) envp, — " KTy ) |

Tw

The electric field —¢, is obtained from the Poisson equation

e

P :g(” —ng).
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Here, n denotes the electron concentration, v is the velocity, W is the total energy, and e = 0.1602 is the
charge of the electron. The momentum p is related to v by p = mnv, where m is the electron mass taken as
0.26 X 0.9190, and the temperature 7T is related to the total energy by

3 1 2
W = EknT —Q—Emnv

and k= 0.138 x 10* is the Boltzmann constant. The momentum and energy relaxation times are given by

1,=C,2and 1, = CW%TO +11,, where C, and C,, are constants determined by
m 3ugkT
C = 9 Cw =
=gt 2er?

with pg=0.14 for the HD model and v, =0.1 in our unit. The thermal conductivity x is governed by the

. . RunT,
Wiedemann-Franz law, described by x = %n%

The silicon diode we simulate has a length of 0.6 um with a doping defined by nq = 5x 10'” cm > in [0,0.1]
and in [0.5,0.6] and ng = 3 x 10'° cm ™ in [0.15,0.45], with a smooth transition in between. The lattice temper-
ature is taken as T, = 300 K.

The boundary conditions are given as follows: ¢ = ¢y =% log(*4) at the left boundary, with
n;=14x10" ecm™3, ¢ = ¢, + vbias with the voltage drop vbias = 1.5 at the right boundary for the potential;
T =300 K at both boundaries for the temperature; n =5 x 10'” cm > at both boundaries for the concentra-
tion; and a Neumann boundary condition is used for the velocity v at both boundaries.

We test our scheme on a non-uniform mesh with two distinct mesh sizes, Ax; in the interval [0.05,0.15] and
[0.45,0.55] near the junctions, and Ax, = 4Ax; in the remaining part of the domain. In Fig. 3, we compare our
results with the solution computed from third order ENO finite difference scheme [11]. We can see that the
overshoot is captured very well. In this particular case, we need extra dissipation to stabilize the system.
The artificial dissipation is added through a one-dimensional discontinuity indicator, as described in Section
3.1, and the coefficient ¢ for the dissipation (3.6) is taken as 10.

4.3. Two-dimensional scalar problems

In this subsection, numerical steady state is obtained with L' nodal residue reduced to the round-off level.

[ 0.225
500000 o
I RD-WENO o2F m] RD-WENO
B ENO T
400000 [ 0175
L 0.15
Z 300000 2 0125F R
7] o C RS SSSSsS
c - © .
a i S oif
200000 |- r
B 0.075
100000 |- 005
i 0.025
- S S SSSs==s=====cs=ssev r
O_I\\\\I\\\\I\\\\I\\\\I\\\\I\\\\I\ OLI\\\\\\\\I\\\\I\\\\I\\\\\\I\
0.1 0.2 0.3 0.4 0.5 0.6 0 0.1 0.2 0.3 0.4 0.5 0.6
X X

Fig. 3. Semiconductor HD model. Solid lines: finite difference ENO scheme on uniform mesh with 192 points; symbols: RD finite
difference scheme on non-uniform mesh with 96 points. Left: density; right: velocity.
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Example 4.3.1. We solve the steady state problem of two-dimensional advection—diffusion equation
U+ e+, = V(U +uy),  (x,p) €[0,1] x [0,1]

with the initial condition given by

u(x,y,0) = ST
which is itself a steady state solution. The viscosity coefficient v is taken as 0.05, and the exact solution is im-
posed on the boundaries.

This problem has boundary layers along x =1 and y = 1. For this example, the parameter ¢ in (2.8) for
Roe’s entropy correction is taken as 0. We test our scheme on both uniform meshes and non-uniform meshes.
The non-uniform mesh has two distinct mesh sizes, Ax;, Ay; in the interval [0.8,1.0], and Ax, = 4Ax,,
Ay, =4Ay; in [0,0.8].

For an example of the non-uniform mesh, see Fig. 4. The numerical results are shown in Table 3. We can
see clearly that fourth order accuracy is achieved, with magnitudes of the errors on non-uniform meshes
significantly smaller than those on uniform meshes. This demonstrates the capability of the scheme to resolve
the boundary layers.

Example 4.3.2. We consider the one-dimensional viscous Burgers equation viewed as a two-dimensional
steady state problem

0.9
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0.7

0.6

> 05

0.4

o
[
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o
)

o
o

O T TTTTT T 7T

|
0.5 1
X

o

Fig. 4. A demonstration of the non-uniform mesh with 20 x 20 cells.

Table 3
Errors and numerical orders of accuracy of the fourth order RD finite difference WENO scheme for Example 4.3.1 on non-uniform and
uniform meshes with N x N cells

NxN Non-uniform mesh Uniform mesh
L' error Order L™ error Order L' error Order L™ error Order
20 % 20 8.89E — 06 - 1.37E — 04 - 4.26E — 05 - 4.49E — 03 -
40 x 40 7.89E — 07 3.49 7.14E — 06 4.26 3.32E — 06 3.68 3.68E — 04 3.61
80 x 80 6.70E — 08 3.56 7.27E — 07 3.30 2.14E — 07 3.96 1.96E — 05 4.23
160 x 160 4.93E — 09 3.76 6.15E — 08 3.56 1.31E — 08 4.03 1.17E — 06 4.06

320 x 320 3.38E — 10 3.87 4.57E — 09 3.75 7.98E — 10 4.04 6.95E — 08 4.07
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2
ut (%) by =i, (6,0) € [0.2,0.2] x [0,0.4] (4.1)

This problem has the steady state solution
—4sinh(“2)

( ) 1
ux xX0) = -
> cosh(”%) + emmay 2

with the exact solution imposed on the boundaries.

The viscosity coefficient v is taken as 0.05. We start from an initial condition u(x,y,0) = u(x,0,0) and
march to steady state by a pseudo-time marching. We test our scheme on both uniform and non-smooth
meshes. The non-smooth meshes are 20% randomly perturbed from the uniform ones. Table 4 shows
fourth order accuracy for both meshes, and the magnitude of the errors are comparable. The three-
dimensional plot of the numerical solution on a non-smooth mesh with 80 x 80 cells and the cross sections
at y=10.1,0.2,0.3 compared with the exact solution are displayed in Fig. 5. We can clearly observe good
resolution of the numerical scheme for this example. The coefficient 6 for the dissipation (3.6) is taken
as 0.

Example 4.3.3. We again consider Eq. (4.1) on the domain [0, 1]x [0, 1] with the boundary conditions
u(x,0,) =1.5—2x, u(0,y,t) =15, wu(l,y,t)=-0.5.

The viscosity coefficient v is taken as 0.02. We start from an initial condition u(x, y,0) = u(x,0,0) and march
to steady state by a pseudo-time marching. We solve the one-dimensional Burgers equation by using fifth
order finite difference WENO scheme with a fourth order central discretization for the viscous term with
500 points and compare with our numerical solution. In Fig. 6, the three-dimensional plot of the numerical
solution and the cross sections at y = 0.25,0.5,0.75 are displayed. We can clearly observe good resolution of
the numerical scheme compared with the reference solution. The coefficient ¢ for the dissipation (3.6) is
taken as 10.

Example 4.3.4. We consider the steady state solution of the following problem on [0, 1/v/2] x [0, 1/v/2]

1 2 1 2
w+(—==) +(—==] =CV2(x+y) = 2)u+ v(uw +u,).
+(755)  (535) = @Vaen) -2t v+ )
The boundary conditions are given as follows for point (x,y) on the boundary, with w = (x + )/ V2,
1 — 2w+ 2w?, if 0 <w<0.3419,

—0.1 — 2w+ 2w?, otherwise.

o) = {
The initial condition is
Table 4

Errors and numerical orders of accuracy of the fourth order RD finite difference WENO scheme for Example 4.3.2 on non-uniform and
uniform meshes with N x N cells

NxN Non-uniform mesh Uniform mesh
L' error Order L™ error Order L' error Order L™ error Order
20 %20 1.16E — 02 - 1.44E — 01 - 1.09E — 02 - 1.44E — 01 —
40 x 40 1.16E — 03 3.32 1.85E — 02 2.96 1.10E — 03 3.31 1.72E — 02 3.06
80 x 80 7.30E — 05 3.99 1.12E — 03 4.04 7.08E — 05 3.96 1.26E — 03 3.77

160 x 160 4.57E — 06 4.00 8.13E — 05 3.79 4.50E — 06 3.98 8.46E — 05 3.90




C.-S. Chou, C.-W. Shu | Journal of Computational Physics 224 (2007) 992-1020 1011

2
0
0 -]
=
2 2

-
BN A A A R A L e

-
BN A L A e e

-
| UL BB SUNLBLALE LN BB BN BN RN R

0 0
= =

-2 -2

-3 -3

-4 -4

SE1 T T - T T Sl T T - T T
-0.2 -0.1 0 0.1 0.2 -0.2 -0.1 0 0.1 0.2

X X

Fig. 5. Example 4.3.2. Non-smooth mesh with 80 x 80 cells. Top left: three-dimensional plot; top right: cross section at y = 0.1; bottom
left: cross section at y = 0.2; bottom right: cross section at y = 0.3. For the cross sections, the solid lines are for the exact solution and
symbols are for the numerical solution.

1, if 0 <w<0.3,

770: .
u(x,0) {—0.1, if03<w<l,

and the viscous coefficient is taken as 0.01. We test our scheme on a non-smooth mesh which is 20% randomly
perturbed from the uniform one.

The coefficient ¢ for the dissipation (3.6) is taken as 10. The 3D plot for (x,y) in [0.06,0.7] % [0.06,0.7] and
the cross section along the diagonal is displayed in Fig. 7.

4.4. Two-dimensional systems

In our numerical tests in this subsection, the L' nodal residue can only be reduced to around 10>~10~> and
then stagnates at that level. This might be related to the boundary conditions or lack of suitable numerical
dissipation in certain regimes. More study is needed to address this issue.



Example 4.3.3
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05~ o RD-WENO

WENO

-0.5

(x+y)/sqrt(2)

Fig. 7. Example 4.3.4. Non-smooth mesh with 80 x 80 cells. Left: three-dimensional plot; right: the numerical solution (symbols) versus
the reference solution computed by a fifth order finite difference WENO scheme with 200 x 200 points (solid line) along the cross section
through the northeast to southwest diagonal.

7:_M<L> 7:_M<¢)
P \(-Dp),) T P \(y—Dp),

where p, the viscosity coefficient, is taken as 5x 107> and Pr is the Prandtl number taken as 0.72.

In this example, we consider a flow generated by pressure gradients on the domain [0,2]x [ — 1,1]. We start
with an initial condition where (p,u,v,p) = (1,0.1,0,2.02) on x =0 and (p,u,v,p) = (1,0.1,0,2) on x = 1, with
a linear distribution in between. Non-slip boundary conditions are imposed on the y=— 1 and y = 1. The
boundary conditions for x =0 and x = 1 are given by (p,u,v,p) = (1,0.1,0,2.02) and (1,0.1,0,2), respectively.
The coefficient 6 for the dissipation (3.6) is taken as 5. We test our scheme on a non-smooth mesh which is
20% perturbed form the uniform ones.

0.9 ; -2.5
08F i
0.7 o g 3 -
E 2 L
06 8 i
- 1S
F - I
S o05F - 351
F B’ -
04F k=) B
o o -
F -l -
03 4
02F i
01F a5
0 E { T T TR L1 [ I " TR " T |
1 0.5 0 0.5 1 0 250 500 750 1000
y Iteration /100

Fig. 8. Example 4.4.1. 40 x 40 non-smooth mesh. Left: profile of u at x =1 of the numerical solution (symbols) versus that of the
analytical solution (solid line); right: The convergence history with L' nodal residue.
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Fig. 9. Flat plate problem. 20 x 28 non-uniform mesh. Left: a demonstration of the mesh; right: cross sections at x = 1.4 of the numerical
solution (symbols) versus the analytical solution (solid line).

Since the variation of density is relatively very small, we compare our numerical solution with the analytical
solution for 1ncompresmble flow. The theoretical profile of u is % P (1 —y?) for all x in [0,1], where P is the
pressure gradlent 7. In Fig. 8, we plot the cross sections of both solutlons at x =1 and the convergence
history with L' nodal residue which can only be reduced to the level around 10~* and then stagnates at that
level.

Example 4.4.2. We solve the problem of flow passing a flat plate. Steady state solution of the Navier—
Stokes Eq. (4.2) is computed on the domain [1,1.5]% [0,2], with the plate on y =0 and viscosity coefficient

=107>. The variables of free stream flow is (p,,Use, Use, po,) = (0.1,0.5,0,1). The initial condition is taken
as the free stream flow. Due to the low Mach number, the variation of density is negligible, and we simply
use the analytical solution for incompressible flow as boundary conditions on the two boundaries x = 1 and
x = 1.5. A non-slip boundary condition is imposed on the lower boundary y =0, and we assume vanishing
derivatives on the upper boundary y = 1. The coefficient ¢ for the dissipation (3.6) is taken as 5. We test
the problem on a mesh with a uniform discretization in a x direction, but in a y direction, in order to
resolve the boundary layer, we use two distinct mesh sizes, Ay; in [0,0.4] and Ay, =2Ay; in [0.4,1]. In
Fig. 9, we compare the cross sections at x = 1.4 of our numerical solution with the analytical solution.
In this case, the L' nodal residue can only be reduced to the level around 107> and then stagnates at that
level.

Example 4.4.3. We consider Eq. (4.2) on the domain [0,4] x [0, 1] with viscosity coefficient u =2 x 107>, We
start with an initial condition where (p,u,v,p)=(1.69997,2.61934,—-0.50632,1.52819) on y =4 and
(p,u,v,p) = (1,2.9,0, ) otherwise. The boundary conditions are given by (p,u,v,p) = (1.69997,2.61934,
—0.50632,1.52819) on y=1, and a non- shp boundary condition on y = 0. The left boundary at x =0 is set
as an inflow with (p,u,v,p) = (1,2.9,0, ) and the right boundary at x =4 is set to be an outflow with no
boundary conditions prescribed (one- _sided WENO integration is performed near the right boundary). The
coefficient ¢ for the dissipation (3.6) is taken as 25. We test the problem on a mesh with a uniform discreti-
zation in a x direction, but in a y direction, we use two distinct mesh sizes, Ay, in [0,0.2] and [0.8,1], and
Ay, =4Ay; in [0.2,0.8]. We use a finer mesh around y =0 and y =1 to resolve the boundary layers. The
numerical results are shown in Fig. 10. We can clearly see a good resolution of the layers. In this case, the
L' nodal residue can only be reduced to the level around 107> and then stagnates at that level.
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Appendix A. A Lax-Wendroff type theorem for two dimensions

In this appendix, we state and prove a Lax-Wendroff type theorem for convergence towards weak solutions
in the two-dimensional scalar case.
We follow all the notations in Section 3.1. In addition, we define S; 0= {x |x € [xi,x:11]}, Sj’# =
2
eyl Ax; .y = xip1 — Xi, Ay = ¥,y — ¥y and Ax = max;Ax;, Ay = max;Ay;, 4 = max(Ax,Ay). Here
we assume 0 < C; < |Ax, ) /Ay, +1| C, for all ij. Also we define the function ua,a, as a piecewise constant

function where uay a)(X,y) = uy;, (x,) € Cy;.
As in Section 3.1, the residual in the cell /; L given by (3.2) is approximated by

QDH%J.+% = ,@(f(quﬁAy(leay)%Sj:r%) - '%<f(quAy(xhy)) S ) +’7( (uAvjAy(xayj+l))7Sj+%)
- %(g(”Ax,Ay(an’j))aS’;-%) - ﬁ(@(h(umA},x »),S +1)7S,-+%) - V'@<@x(”AnAyaxi+laY)7S§+%>
+ VQ(@ (quAyaxlvy) S+l) - V@(QZ (uAvAyax y,+1) S )+ V%(m@y(uAnAy;xayj)aS;;%)'

Here # is the one-dimensional numerical integration operator, with the first argument as the integrand and the
second the integration interval. The integral approximation can be written as a linear combination of the point
values of the integrand, as described in [8], and the weights are determined by a WENO procedure. The oper-
ator # approximates the integral as well and have the same arguments as . However, the weights in the rep-
resentation of linear combinations are assumed to be linear.
Therefore the residual with (2r — 1)th order accuracy can be represented by
r—1
‘DH%_J‘% = Z (aﬁuf(ui-%—l,j-%—k) aljf(”11+k))ij+1 + Z ,j+1g(uz+k1+l) b;/g(ui-%—k,j))AxH%
k=—r+2 k=—r+2
r—1
— %(,@(h(um( A X, D), S .),SY 1) — Z (ckEZX(qu,Ay,x,«H,yﬂ,()
k=—r+2
r—1

k E
—C QZ (quAy,x,,yj+k ij+_ v d 9 quAnxl+kay/+l)
k=—r+2

— d" Dy (uncpys Xk 7)) A, (A.1)

2

where the coeflicients a = afj(u, —rt2, -+ - > Ui j+r—1) are Lipschitz continuous functions in all the arguments, and
SO are bk For example the WENO welghts used in this paper are Lipschitz continuous since the smoothness
1ndlcators are smooth functions of u. Note that since we use linear welghts in # and we also assume uniform
meshes for the proof of the Lax-Wendroff type theorem, the coefficients ¢* and d* are independent of (i.j).

In Eq. (A.1), the operators &, and &, are one-dimensional approximations of the first derivatives. By the
fact that only uniform meshes and linear weights for the derivatives are considered, we have

r—1
@X(uM,Ay’xiay) = Z pmuAX,Ay(meay)

m:rirl+l (A2)
@y(quAyaxayj) = Z qmqusAy(x’yi+m)
m=—r+1

with (2r — 2)th order accuracy. Since we use symmetric linear weights to approximate the derivatives, and fur-
thermore assume (in this proof) uniform meshes, we have

m —m m —m

p=-pr 5 9 =-9
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The distributed residuals, as defined in Section 3.1, are &* k=1,...,4, which are revised from the ori-

i+5 4L
defined in Eq (3 6), where 0 is the local discontinuity indica-
=0

ginal one by adding a dissipation residual 0@,
tor. Suppose the remduals satlsfy the conservation property, by the fact that Zk .

dlss

’+ L+ = Z (Dt+ Lty Z ¢1+21+2 (A3)

and residual property for the unrev1sed distributed residuals

|¢’*2 ”2| <C, k=1,...,4 (A.4)
|¢l+ ]+1|
Equlpped with properties mentioned above, we have the following theorem.

Theorem A.1. Assume that the flux function f and g in Eq. (3.1) are Lipschitz continuous, and the source term
h(u, x, y) is continuous in all arguments. Suppose that the mesh is uniform: Axl+1 = Ax and ij+l = Ay forallij. If
UAx.Ay IS a steady state solution of Eq. (3.8) satisfying Egs. (A.1), (A.3) and (A 4), and there is a function u with
bounded total variation such that

Uacay — uin L'(R?), as Ax,Ay — 0

and

sup sup |uacay(x, ¥)| < C
Ax,Ay xy

then u is a weak solution to Eq. (3.1).

Proof. Let ¢ € C(R?) be a test function, and denote ¢; = ¢(x;,;). At steady state, we have

OZZ(@I 1 L+ @ 1j+1+<1> @

1+ J—3

3
= Z dsl__j__ng] Z ® (pl J+l ¢i/) - Z ¢?+%,j_%((pi+14j - goi/) - Z ¢?+%yj+%(q0i+l,j+l - (pij) =+ oA
ij ij

% Z uz 1,/ 10, Ui — Uit 10 luij — Uij-1 Ty luij — Uijr1
i3 T Ax W4T Ay WAy Pij

=1+I1II+1I4+IV+V.

l+-j+2) q)ij

We look at the first summation term,

1= Z (pi—%,j*%(pij

r—1
= Z Z (aljf Uijik) — i71d‘f(ui71J+k))Ay Pijr1 T Z Z (bf;g(“prk‘j) - bﬁj,lg(umkfl))m Pit1,

ij k=—r42 ij k=—r42
r—1

- Z%(J%(}l(”mmy%)’)y& 1)7Sl,_) (Pl, Z Z (Cko@x(uAnAyvxivijrk) _Ck@x(qu.Ayaxiflvyj+k))Ay q)i,j+1
ij

ij k=—r+2

r—1
- Z Z (dkgy(qu,AyaxiJrkay/') - dk@y(qu,Ay7-xi+k7yj—l))Ax q)i+l‘j

ij k=—r+2

Dir1j+1 — Pijr1 x \ Pit1j+1 — Qi1
= _Z Z %( uA‘TAWxHy) Sy+%) %M_ Z Z'%(g(uAr,Ayvxvyj)vS,u%)%Ay

_Z%('%(h(uM.Ayvxvy)an l)a i1 (/)lj Z Z C@ quAyaxzaijrk) QX(MAX,Ayaxiflvyj+k))Ay Dij+1
ij

ij k=—r+2
r—1

- Z Z (dkg)’(”Av,AJf7xi+k7){/) - dk@y‘(“AXVA}'vxi+kv){/71))Ax Pit1,

ij k=—r+2
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Note that

- Z Z%(f(“m,Ayyxn)’) Sfp) (pH”HAx (p”+1 //f ¢.dxdy, as Ax,Ay —0
i
- Z Z%(g(qu,Ayax7yj)7Sj+%)%)j(pH”Ay - 7//8'(”) QDdedyv as A)C, Ay -0
7
and
SRR (M) S, ) 51 0y~ [ [ hwxy) odrdy, as Axay o
iy

Moreover, by Eq. (A.2), we have

r—1
ko k
E E (C 9-‘C(”{Ax,Ayaxiay/Jrk) —C @x(qu,A}raxi—l,)/_/+k))Ay QDl,ﬂ»l
ij k=—r+2
r—1 r—1 r—1
_ k m m
= E c E P Uivmj+k — E P Ui vim ik | Ay Dijr1
ij k=—r+2 m=—r+1 m=—r+1
r—1 r—1

_ k_m
= § P (Uigmjrk — Uictimjrk) DY @i

== Z Z Z Ckpm“i+m~./‘+k((/’i+14j+1 - (/7:',‘/+1)Ay

ij k=—r+2 m=—r+1

r—1 r—1
- Z Z Z Ckpm”i,j+k(‘l’i+1f;n1/+1 - (/)ifm.jJrl)Ay

ij k=—r+2 m=-r+1

r—1 r—1

= Z Z Z c"p’”u,-,ﬂk(QDHHmJH - €05+mAj+l)Ay

ij k=—r4+2 m=—r+1

D@, Xi11,V501) — D@, %0,9,41)
:Z‘%<MAX,A}’(XI'7)/)1‘S§+%) T Ax T2 Ax.

Note that as Ax,Ay — 0,

v 9x(goaxi 1,V ) _‘Qx(q)axiay‘ )
Z%(MA,V,Ay(xiay)7S}+%) - - L Ax — //u(pxxd'xdy
ij

Ax

Therefore, as Ax,Ay — 0,

r—1

Z qu Ay,xtaijrk) Ck@x(qu,Ayvxiflaka))Ay qu,j«H - / /u(Dxdedy (AS)
ij k:—r+2
Similarly,
r—1
Z Z (dka@y(qu.AyaxiJrkayj) - dk@y(uA¥<Ay7xi+k7yj71))Ax (pi+1,j - / /uq)ydedy' (A6)
i,j k=—r+2

So as Ax,Ay — 0

I—>—//f(u) wxdxdy—//g(u,X) wydxdy—//h(u,x,y) qodxdy—V//mpmdxdy
—v//u(pyydxdy.
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Next, we estimate the second term II

11| = Z(D €0U+1 q)ij)

< Z | ;7§]+7||(ptj+l (plj = CZ |q§1771+2||()011+1 (pij|
i

< CZ Z |af'€jf(ui~j+k) - afil‘jf(uiflaj*k”‘q)i,j+l ¢1/|Ay+ CZ Z 1]+1g ul+k]+1)

ij k=—r+2 ij k=—r42

- bfj(/g(ui+k,j)||(/’i,j+1 (p”\Ax + CZJ) (\h(um Ays X, J’)| S ):S';_%) |‘Pi,j+1 - (Pz:j|

+CZ Z 82 (e dys Xis Vi) — Ck@x(”Ax,Ayvxi—l7)’j+k)||‘PfJ+1_(Pz:j|Ay

ij k=—r+2
r—1
+ CZ Z |dk<@y(u&cﬁAyaxi+k7yj+l) - dk@y(qu,Ayvakyyj)‘|(pi‘/+1 - <0i,j|Ax-
ij k=—r+2

Since [ [ |h(u,x,y)||p,| dxdy is bounded, with Lipschitz continuity of af, 5}, and the flux functions, bounded-
ness of u;, (A.2) and 0 < C; < |Ax/Ay| < C,, we have

|II| < C3 Z |u,«7j — ui,|7j|AxAy + C3 Z |M,‘)j — U1 |AxAy + O(Ay) (A7)
ij ij

The first term on the right side of (A.7) can be estimated by
Zlut] Ui 1;|AXA)/ Z'ut/ xz»)/j |A)CA_)/+A)/Z Z'u xlay] (xi—17yj)|Ax+Z|u(xi—lvyj)
i

—ui_17j|AxAy

and it goes to zero when the mesh is refined due to the L' convergence of the numerical solution and the fact
that the limit solution u has bounded total variation. Similarly, the second term on the right side of (A.7) also
goes to zero when the mesh is refined. Therefore, I — 0 as Ax,Ay — 0. Similarly, we can easily prove that III,
IV — 0 as Ax,Ay — 0.

Lastly,

3 Ujj — Ui—1, Uil — Ui 3 Uijj — Ui j—1 Uij+1 — Ui
= 003 (O g Oy 0y O (%%A—y = Oy T) Py

ij ij

Qi — Qi1 qu’_(piﬁf
_ A3 Z 0,y (g — 1)) JTII + OA° Z 0,y (i — i 1) JTJI
ij i

Clearly, the boundedness of 6 and u;; implies that |V| is bounded by O(A), hence V. — 0 as A — 0. We can now
conclude that

—//f(u)qoxdxdy—//g(u)wydxdy=//h(u,x7y)<odxdy+V//u(ﬂxxdxderV//wyydxdy

so u is a weak solution of Eq. (3.1). O
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